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Abstract 
The paper presents velocity fields with ~3-km spatial resolution of Saturn’s north polar 
vortex (NPV) retrieved using the optical flow method from a sequence of polar-projected 
cloud images captured by the Imaging Science Subsystem camera on board NASA's Cassini 
spacecraft.  The fields of the velocity magnitude, velocity variation, relative vorticity, 
divergence and second invariant are determined to characterize the flow structures of the 
inner core of the NPV.  The mean zonal and mean meridional velocity profiles of the NPV 
are compared with previous measurements.  We also describe the relevant details of 
application of the optical flow method to planetary cloud tracking wind measurements.  The 
mean zonal velocity profile is consistent with the previous measurements using correlation 
image velocimetry methods.  The small but significant meridional velocity corresponds to 
outwardly spiraling streams observed in the region near the north pole (NP).  The 
concentrated vorticity and second invariant within 1-degree planetographic latitude of the NP 
indicate strong rotational motion of the fluid.  An analysis is presented to explore a possible 
physical origin of the observed spiraling node at the NP.   
 
Plain Language Summary 
A swirling flow pattern with wind speeds peaking at about 100 m s-1 was revealed in 
Saturn's North Polar Vortex (NPV) in high-resolution images captured by the Imaging 
Science Subsystem camera on board NASA's Cassini spacecraft in November 2012.  Using 
sequences of images that show clouds in the NPV, the motions of these clouds were analyzed 
to measure the wind speeds in the north-polar region.  The high-precision wind measurements 
presented in the current report are enabled by the optical flow cloud tracking method.  The 
time-averaged wind field shows a well-defined counter-clockwise (cyclonic) vortex at the 
pole.  In particular, the observed flow structures and wind shear near the pole indicate strong 
rotational motion of the north polar atmosphere with upwelling at the center.   
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1. Introduction 
The atmospheric flow structures near Saturn’s north and south poles (NP and SP) have 
attracted considerable attention in the scientific community and public (Godfrey 1988; 
Sánchez-Lavega et al. 2006; Baines et al. 20I7, 2009; Fletcher et al. 2008; Dyudina et al. 
2009, Sayanagi et al. 2018; Studwell et al. 2018).  In particular, recent studies have been 
focused on the stable cyclonic vortex centered at the north pole (hereafter referred to as 
NPV), which extends from 85°N to the north pole with zonal winds of order of about 100 m 
s-1 (Antunano et al. 2015, 2018; Sayanagi et al. 2017).  Prior studies reported zonal and 
meridional wind profiles as well as vorticity and divergence fields of the NPV, which had 
been measured using images of Saturn obtained during different orbits of the Cassini 
spacecraft.  The observed structure of the NPV did not significantly change between different 
epochs.  However, prior studies using the conventional Correlation Imaging Velocimetry 
(CIV) methods have many gaps in their velocity measurements in areas where no trackable 
features were detected (Sayanagi et al. 2017).  The current study re-analyzes the images 
previously analyzed by Sayanagi et al. (2017) using the optical flow method to retrieve the 
velocity field of the NPV at a significantly higher spatial resolution.   
To place the optical flow method in context, a review of existing cloud tracking 
methods used in the planetary sciences is provided below.  The idea to track clouds to 
measure motions on a planetary surface has been applied since Hooke (1665) made the first 
telescopic observations of Jupiter and measured the motion for what may have been the Great 
Red Spot (GRS).  The beginning of planetary mission-based imaging science campaigns 
dramatically increased the number of features that can be tracked, and various methods have 
been developed to deduce winds from the motion of trackable features.  Manual tracking is 
the simplest method which relies on human’s innate sense of pattern recognition.  A human 
operator visually inspects a sequence of cloud maps, identifies common clouds displayed in 
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sequence, and marks their coordinates.  A pair of coordinates that marks the locations of a 
common cloud (called tie points) is converted to a wind vector by dividing the displacement 
by a time interval.  The strength of the manual tracking method is the high confidence of 
returned vectors with very few spurious tie-point matches, but it is a labor-intensive process 
that returns relatively few tie points.  This method has been used in determining long-term 
trends in zonal winds of Jupiter using Voyager, HST, Galileo and Cassini data (Mitchell et al. 
1981; Dowling and Ingersoll 1988; Sada et al. 1996; Vasavada et al. 1998; Simon-Miller et al. 
2002, 2006, 2007, 2010; Sanchez-Lavega et al. 2000; Cheng et al. 2008).   
The one-dimensional correlation method is the simplest of the automated cloud-tracking 
wind measurement methods.  This method takes a latitudinal scan of cloud brightness from 
two overlapping cloud maps, and searches for a longitudinal shift that maximizes the 
correlation between the two scans.  The displacement that maximizes the correlation is then 
converted to zonal wind speed.  A major advantage of this method is that it works for images 
with a relatively poor contrast; however, it measures only zonal-mean zonal-wind profile and 
does not yield a wind field map.  This method has been used by Limaye (1986) to calculate 
Jupiter’s zonal wind profile from Voyager data, Garcia-Melendo and Sanchez-Lavega (2001) 
to study the long-term trends in Jupiter’s zonal wind profile using HST data, and Sayanagi et 
al (2013) to detect zonal wind speed change caused by a giant storm on Saturn.   
Correlation imaging velocimetry (CIV) is an automated method that produces tie-point 
vectors from a pair of mapped images by calculating the two-dimensional correlation 
coefficient as a function of the displacement from a given point.  The displacement vector 
that maximizes the correlation between a window in the first image and a displaced window 
in the second image is determined to be a tie-point match.  This method can be enhanced such 
that it first performs a coarse-search followed by a refined-search (Choi et al. 2008, 2010, 
Kouyama et al. 2012) by using a human operator to perform quality control (Hueso et al. 
  
©2019 American Geophysical Union. All rights reserved 
2009), and by averaging along streamlines found in the derived wind field to smooth the flow 
field (Sussman et al. 2010).  The strength of CIV method is its ability to automatically 
generate a large number of regularly-spaced tie-points.  However, it is challenging to identify 
and eliminate spurious tie-point matches.  CIV has been used to derive wind fields on Venus 
using Galileo and Venus Express data (Kouyama et al 2012, 2013), Jupiter’s Great Red Spot 
using Galileo images (Choi et al. 2007), Oval BA using Galileo, Cassini and New Horizon 
images (Hueso et al. 2009, Choi et al. 2010), and Saturn using Cassini images (Sayanagi et al. 
2011).   
A more advanced cloud tracking method incorporating fluid-dynamic corrections to 
CIV methods is the Advection Corrected Correlation Imaging Velocimetry (ACCIV) method 
developed at University of California Berkeley (Asay-Davis et al. 2009).  The first step in 
this method makes an estimate of a flow field using a simple CIV method from a pair of 
cloud maps.  It then uses the estimated flow field to forward-advect the clouds in the first 
image to be compared to the second image.  The difference between the advected first image 
and the second image is used as a correction to the wind field, and the process is iterated until 
the wind field reaches a satisfactory convergence.  In addition, the iteration can also involve 
backward propagation of the second image to be compared to the unaltered first image.  The 
ACCIV has been used to analyze Oval BA (Asay-Davis et al. 2009), giving high-resolution 
wind fields.   
The optical flow method used in the current study is developed by projecting the three-
dimensional transport equation onto the two-dimensional image plane (Liu and Shen 2008).  
Thus, in the optical flow method, the 3D partial differential equation (PDE) is reduced to a 
2D PDE called the optical flow equation in the image plane, where the physical significance 
and mathematical definition of the optical flow are given (see Section 2).  In contrast to the 
correlation-based methods, the variational optical flow method is a differential method that 
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seeks a numerical solution to the optical flow equation to determine the displacement vectors 
of cloud patterns between a pair of images.  The optical flow method is particularly suitable 
for extraction of small displacements from continuous patterns (such as cloud patterns) at a 
spatial resolution of one vector per pixel.   
In this work, the optical flow method is applied to a sequence of fourteen polar-
projected images of Saturn’s north pole, which was captured by the Narrow-Angle Camera 
(NAC) on board the Cassini spacecraft over a period of 5 hours and 19 min. on November 27, 
2012.  The same image sequence was previously analyzed by Sayanagi et al. (2017).  The 
interval between consecutive images varies from 20.5 min to 29.1 min.  Figure 1 shows the 
first four of the 14 NPV images analyzed in the current paper.   
The application of the optical flow method for planetary cloud tracking measurements 
is presented in Section 2.  To determine the optical flow as an inverse problem, the Euler-
Lagrange equation is derived using a variational method with a smoothness constraint 
applied.  Selection of the relevant parameters in optical flow computation is discussed, and 
the accuracy of the optical flow method applied to Saturn’s NPV images is evaluated through 
simulations.  In Section 3, the processes to prepare the images for the analysis in the current 
study are described, and the extracted flow structures of the NPV are discussed.  Finally, the 
conclusions are given in Section 4.   
 
2. Optical flow method for cloud tracking 
2.1. Variational method for determining the optical flow 
The derivation of the optical flow equation from the relevant governing equations in 
fluid mechanics for various flow visualization images is presented in Liu and Shen (2008).  
For motion of light-scattering particles (cloud aerosols in this case), the governing equation is 
the disperse phase number equation,  p pN / t N 0   U , where  1 2 3U ,U ,UU  is the 
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particle velocity in a three-dimensional (3D) object (physical) space and 
pN  is the number of 
particles per unit total volume.  By evaluating the light scattering process through flow 
containing light-scattering particles, the optical flow equation in the image plane can be 
derived.  The optical flow equation is written as  
   N N 1 2I / t I F x ,x   u , (1) 
where u  is the optical flow (i.e., the 3D flow projected onto the image plane), i/ x     
( i 1,2 ) is a gradient operator in the image plane, and the boundary term 
 
2
1
ext ext pa
F w C N


 n U  acts as a source/sink term representing the effect of particles 
accumulated within a cloud layer confined by two control planes 1  and 2 .  The planes 1  
and 2  approximate the top and bottom of a cloud layer, respectively.  In Eq. (1), the 
normalized image intensity N 0I I / I  is an input, which is proportional to the normalized 
radiance          N H scaL L L 0 / Q 0 L 0     , where  HL   and  L 0  are the 
radiances scattered from particles toward a camera from 1  and 2 , respectively, and 
 scaQ 0  is a scattering source term at 1 .  The image intensities I  and 0I  are proportional 
to    HL L 0
   and    scaQ 0 L 0
 , respectively.  Here, H  is the optical depth of the 
distance H  between 1  and 2  along a light ray, which is defined as 
2
1
H ds


   , where 
  is an extinction coefficient of particles.   
The optical flow in Eq. (1) is represented as  1 2 12 Nu ,u  u U , where 12 NU  is the 
light-path-averaged particle velocity defined as  
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 12 1 2U ,UU  is the velocity vector parallel to the image plane, and   is a constant scaling 
factor in the orthographical projection transformation from the 3D object space onto the 
image plane.  Therefore, physically, the optical flow represents the light-path-averaged 
velocity of particles.  The zero-net-flux condition, i.e.,  
2
1
pN 0


 n U  is assumed.  Note that 
for a divergence-free optical flow (i.e. 0 u ), Eq. (1) is reduced to the Horn-Schunck’s 
brightness constraint equation N NI / t I 0    u  (Horn and Schunck 1981).  Nevertheless, 
the optical flow is not divergence-free generally.  Thus, an inverse solution of Eq. (1) for the 
optical flow is not divergence-free in this work.   
For a given pair of map-projected images that show moving clouds, the normalized 
image intensity NI  is a measurable quantity, and the objective here is to determine the optical 
flow u .  Since a single equation, Eq. (1), must be solved for two components of u , this is an 
ill-posed problem.  To solve for the optical flow as an inverse problem, a variational 
formulation with a smoothness constraint is used (Horn and Schunck 1981; Liu and Shen 
2008; Heitz et al. 2010; Wang et al. 2015).  Given NI  and F , we define a functional  
      2 2 2N N 1 2 1 2 1 2
D D
J I / t I F dx dx u u dx dx         u u , (3) 
where the first integral term is a equation functional, the second integral term is a first-order 
Tikhonov regularization functional, D  is an image domain of interest, and   is a Lagrange 
multiplier.  
Minimization of the functional  J u  leads to the Euler-Lagrange equation  
  2N N NI I / t I F 0         u u , (4) 
where 
2 2
i i/ x x      ( i 1,2 ) is the Laplace operator, and   is a Lagrange multiplier.  
When a pair of temporally separated images is given and F  is neglected in a first-order 
approximation, a standard finite difference method can be used to solve Eq. (4) with the 
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Neumann condition n = 0 u /  on the image domain boundary D  for the optical flow u .  
In principle, this differential method is particularly suitable for extracting high-resolution 
velocity fields from cloud images captured through planetary remote sensing observation.  
However, in reality, the effective spatial resolution is tuned by a Lagrange multiplier that 
essentially acts as a diffusion coefficient in Eq. (4).  A larger value of a Lagrange multiplier 
tends to smooth out finer features.  Detailed discussions of applications of the optical flow 
method to cloud tracking are given by Liu et al. (2012) and Liu (2014).   
The optical flow algorithm used in the current work applies a Horn-Schunck estimator 
for an initial solution (Horn and Schunck 1981) and applies a Liu-Shen estimator for a 
refined solution (Wang et al. 2015; Liu 2017).  Section 2.2 demonstrates that optical flow 
solutions do not strongly depend on a Lagrange multiplier.  In this work, we use the Lagrange 
multiplier values of 20 and 2,000 for the Horn-Schunck and Liu-Shen estimators, 
respectively.  Other relevant parameters are the number of iterations in successive 
improvement of the optical flow solution, and the sizes of the Gaussian filters to compensate 
for the artifacts introduced by illumination variation and noise.  Liu et al. (2015) discusses 
how to tune the Gaussian filter sizes.  As described by Sayanagi et al. (2017), the images of 
Saturn's NPV used in this study are corrected for illumination variation assuming Minnaert 
scattering; the Gaussian filter is needed to smooth the imperfections in the Minnaert 
scattering correction.  For extraction of large displacements in the image plane, a coarse-to-
fine scheme is applied to reduce the error in optical flow computation (Liu 2017).  Here, a 
coarse-grained velocity field is initially determined from downsampled images (the image 
size is 1/4 of the original size in this case) and then a refined velocity field with the original 
spatial resolution is extracted in two iterations.   
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2.2. Accuracy 
This subsection presents a procedure to evaluate the accuracy of the optical flow 
method applied to Saturn’s NPV images and the effects of the selected parameters in solving 
the optical flow equation.  The main parameters that affect optical flow computation are the 
Lagrange multipliers in the Horn-Schunck estimator for an initial solution and the Liu-Shen 
estimator for a refined solution of Eq. (4).  Other relevant diagnostic parameters are the 
number of iterations in successive improvement of optical flow solution (computed with a 
coarse-to-fine iterative scheme), and the sizes of the Gaussian spatial filters.  To evaluate the 
accuracy of optical flow solution, simulations are conducted based on a sequence of synthetic 
images for a given velocity field.  Since the synthetic velocity field represents a known truth, 
direct comparison between extracted and true velocity fields allows estimation of an absolute 
velocity error.   
Figure 2 shows clean and noisy cloud images (1024 pix 1024 pix ) of the NPV in 
which cloud patterns are passively advected with simulated wind.  The clean image does not 
use added noise, whereas the noisy image uses added Gaussian noise.  A synthetic vortex 
velocity field is reconstructed by using the circumferential and radial velocity distributions 
given by      1 2 2c 0u / 2 r 1 exp r / r  

     and  r 0u a r r  , where r  is the radial 
coordinate, 0r  is a constant controlling the size of a vortex,   and a  are constant 
parameters for the strength of a vortex, and   is a small positive constant to remove the 
singularity at r 0 .  This flow is a modified form of the Burgers vortex (Wu et al. 2006).  
The predetermined (i.e, “known truth”) velocity vectors and streamlines are shown in Figs. 
(3a) and (4a), respectively, where the parameters controlling the vortex structure are 
410   , a 0.02  , 0r 150  and 2  .  Thirteen pairs of synthetic images are generated 
based on the first thirteen real cloud images of the NPV.  In these synthetic images, flow 
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diverges outward from the vortex center, while flow in the outer region converges inwardly.  
The converging and diverging regions are segmented by a circle marked in Figs. 3-4, which 
is known as a stable limit cycle to which neighboring trajectories (streamlines) converge 
(Hurewicz 2002).   
From the thirteen pairs of clean synthetic images, instantaneous velocity fields are 
computed using the optical flow method.  Figures 3(b) and 4(b) show extracted velocity 
vectors and streamlines, where the presented data are downsampled for clear illustration.  The 
averaged velocity field is calculated from 13 synthetic image pairs.  Figure 4 shows that the 
retrieved velocity field differs minimally from the "truth."  In retrieving the velocity vectors, 
the Lagrange multiplier in the Horn-Schunck estimator is fixed at 20, and the Lagrange 
multiplier in the Liu-Shen estimator is fixed at 2,000.  It is found that the Liu-Shen estimator 
is not sensitive to the value of the Lagrange multiplier in a range of 2,000 50,000  (Liu 
2014).  The vorticity ( ), second invariant (Q ) and divergence ( div ) are calculated from the 
velocity field (see the definitions of these quantities in Section 3).  To evaluate the accuracy 
of the optical flow method, the root mean square (RMS) errors of these quantities are 
calculated, which are denoted by  RMS u ,  RMS  ,  RMS Q , and  RMS div .  Table 1 
shows the normalized RMS values defined by    RMS / maxu u ,    RMS / max  , 
   RMS Q / max Q , and    RMS div / max div .  The relative RMS errors of the velocity, 
vorticity, second invariant and divergence are about 17%, 5%, 0.1% and 1%, respectively.  
The relative errors of the second invariant and divergence are small since their maximum 
values at the center are large.   
To simulate the effect of image noise on optical flow computation, the Gaussian noise is 
added to the clean cloud image in Fig. 2(a) to produce the noisy cloud image in Fig. 2(b).  
The mean and standard deviation of the Gaussian noise are zero and 0.015, respectively.  The 
  
©2019 American Geophysical Union. All rights reserved 
small local dots are distributed, as shown in Fig. 2(b).  The extracted velocity vectors and 
streamlines from the noisy images are shown in Figs. 3(c) and 4(c), respectively.  Although 
large spiky errors of velocity occur at some isolated locations, the relative RMS error of 
velocity in the whole image remains about 17%.   
We observe that the relative error in the inner region of the images is smaller than the 
relative error in the outer region.  The differences in the errors between the inner and outer 
regions are caused by differences in the morphologies of these two regions in cloud patterns 
[see  Fig. 2(a)].  There are more discrete cloud features (patches) with large local image 
intensity gradient 
NI  in the inner region, while there are less discrete cloud features in the 
outer region where 
NI  is smaller.  According to an error analysis of optical flow 
computation, an error is inversely proportional to 
NI  (Liu and Shen 2008; Liu et al. 2015), 
and thus the error in the inner region is expected to be smaller than that in the outer region.   
 
Table 1: Relative RMS errors in wind measurement tests using synthetic images 
 Velocity Vorticity Second 
Invariant 
Divergence 
Clean images 0.169 0.046 0.001 0.012 
Noisy images 0.171 0.197 0.093 0.057 
 
 
3. Results 
3.1. Mapping 
The origin of the image coordinate system  1 2x ,x  is located at the NP is defined in 
Fig. 5 for image processing.  In this study, the image plane is an orthographic projection 
plane that is parallel to the tangent plane at the NP.  Furthermore, there is a one-to-one 
mapping between the tangent plane at the NP and Saturn’s surface.  In particular, since the 
characteristic size of the NPV is much smaller than Saturn’s curvature radius (a ratio between 
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them is about 0.03), the tangent plane at the NP and Saturn’s surface is approximately 
isometric, giving the relative error of the length measure between them is less than 44 10 .  
Further, an approximate differential relation between the image coordinates  1 2x ,x  and the 
oblate spherical coordinates  x, y  in a sufficiently small region is    1 2dx ,dx c dx,dy , 
where the scaling constant, c, is determined by mapping between the oblate coordinates and 
the imaging coordinates (about 43 10  pixel m-1 as indicated below).   
The relationship between the image coordinates and the oblate spherical coordinates is 
further described below.  Following meteorological convections,   and   denote the latitude 
and longitude in a spherical coordinate system, respectively (Holton and Hakim 2013).  In 
this work, the planetocentric latitude c  is used for mapping in all relevant figures, which is 
related to the planetographic latitude by   2g e p carctan R / R tan  .  The mapping factors 
in the oblate spherical coordinates are given by  
 
  
e
g 1/ 22
2
p e g
R
r
1 R / R tan




,  
 
 
g g
g 2
2 2
g e p g
r / cos
R
sin R / R cos
 

 


, (5) 
where eR  and pR  are the equatorial and polar radii of the planet, respectively,  gr   is the 
distance between a point of the surface and the rotational axis of the planet, and  gR   is the 
radius of the curvature of the local meridian.  In general, the differential displacements on the 
surface of Saturn are given by  gdx r d   and  g gdy R d  .  In this special case where 
the origin of the surface coordinate system  x, y  is located at the NP, a relevant relation is 
 g gdx dy R d   .  For Saturn, eR 60,268 km  and pR 54,364 km  (Seidelmann et al. 
2007, Archinal et al. 2009).  For the images used in this work, a projection scaling factor is 
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g 0.002844 / 180   rad pixel
-1.  Based on Eq. (5), a converting factor in the image plane 
is about 3,316  m pixel-1 near the NP ( o oc 89 90   ).   
 
3.2. Temporally averaged maps of wind velocity, vorticity, divergence, and second 
invariant 
Following Sayanagi et al. (2017), after the images were corrected for the net 
translational motion, they were rotationally transformed to a reference frame that had a 
planetary rotation rate of 3.138×10−4 rad s−1, i.e.,1.5×10−4 rad s−1 faster than the System III 
reference frame (Seidelmann et al. 2007; Archinal et al. 2009; Desch and Kaiser 1981).  The 
reference frame transformation was needed in order to reliably make cloud-tracking 
measurements due to the fast eastward cloud motion in the region.  In the transformed 
reference frame, the cloud motion due to the vortex’s wind appears ‘frozen’ at 88.95 °N 
latitude.  The value of the rotational rate is selected purely for cloud tracking, and it does not 
affect the final tracking result since an inverse rotational transformation at the same rate will 
be applied.  The resolution and the domain were not changed in the re-mapping process, and 
resulting maps retain the 1024×1024-pixel polar orthographic projection.   
Figure 1 shows the first four of the 14 successive pre-rotated cloud images 
(1024 pix 1024 pix ) near Saturn’s NP.  Using the optical flow algorithm (Liu 2017), 
thirteen instantaneous velocity fields are obtained from a time sequence of fourteen pre-
rotated images.  Figure 6 shows the time-averaged velocity vector field and streamlines of 
Saturn’s NPV obtained from the pre-rotated images, representing the average cloud motion 
over the whole image sequence.  The 1024 1024  velocity vectors are obtained at a spatial 
resolution of one vector per one pixel.  Because map-projected images are rotationally 
transformed, the extracted velocity field in Fig. 6 has an inner region where the flow rotation 
is counterclockwise and an outer region where the flow rotation is clockwise.  There is a 
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near-circular boundary at which the velocity is zero between the inner and outer regions, 
which is a consequence of making the wind measurements in the rotationally transformed 
coordinate.  These artifacts will disappear when an inverse rotational transformation is 
applied.   
Next, the extracted velocity field is reverse-transformed to the original System III 
reference frame by rotationally transforming the velocity field at a rotational rate of 
41.5 10   rad s-1 in the image plane, mapped into the oblate spherical coordinate system.  
For simplicity of expression, after the above conversion to the System III velocity, the 
notation u  is used to denote the velocity on the tangent plane or Saturn’s surface.  Since 
image coverage is incomplete in latitudes lower than 88.5°N, the optical flow computation is 
carried out in a circular region, which is a common region shared by all the 14 images used in 
this study.  Figure 7 shows the time-averaged velocity vectors and streamlines of the NPV 
after the inverse rotational transformation is applied.  Figure 8(a) shows the time-averaged 
velocity magnitude field, which illustrates the overall flow structure in the cyclonic inner core 
of Saturn’s NPV, where the velocity magnitude increases with the radial distance from the 
NP (decreasing latitude) until reaching a maximum speed of ~155 m s-1 at 88.95oN.  The 
estimated uncertainty in extraction of NPV’s velocity fields is about 17% (26 m s-1) (see 
Section 2).   
To further understand Saturn’s NPV structure, the relative vorticity, divergence and 
second invariant of the flow field are examined.  When the effect of the surface curvature is 
small, the relative vorticity and divergence can be calculated by using the following 
approximate relations    13 1 2 2 1c u / x u / x
       u e  and 
   1 1 1 2 2div c u / x u / x
    u , respectively, where  1 2u ,uu  is the velocity in the 
tangent plane at the NP, 3e  is the unit vector in the coordinate normal to the plane, and c  is a 
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projection mapping factor (0.3016  pixel km-1).  Note that the divergence  div u  is the first 
invariant of the strain-rate tensor.  The second invariant is useful in characterizing the NPV 
flow structure.  The second invariant of the strain-rate tensor can be used to quantify the 
rotational motion relative to the shearing motion (Hunt et al. 1988).  The second invariant Q  
is defined as   2/Q 22 S  , where  T2 tr SSS   and  T2 tr   , S  and 
  are the symmetric and antisymmetric components of u .  The components of S  and   
are  1ij i j j iS c u / x u / x / 2       and  1ij i j j ic u / x u / x / 2        ( i, j 1,2 ).  In 
short, Q  represents a balance between the vorticity magnitude and shear strain.  When Q  is 
positive, the rotational motion locally prevails over the shearing motion.  As the result, a 
‘vortex’ could be defined as a compact region with the positive second invariant Q .  We 
select the method of Hunt et al. (1988) because of its simplicity although this is not the only 
way to define a vortex.   
The physical meaning of )(div u  can be interpreted as follows.  According to the 
continuity equation for an incompressible flow, the gradient of the velocity component 
normal to a surface is  3 3u / x div    u , where 3x  and 3u  are the coordinate and velocity 
component normal to the surface and directing outwardly from Saturn’s surface.  The region 
with div( ) 0u  has an upwelling motion below such that the vertical velocity gradient 
becomes 3 3u / x 0   .  On the other hand, when div( ) 0u , the underlying layer has a 
downwelling motion, which makes the vertical gradient positive ( 3 3u / x 0   ).  As shown 
in Fig. 8(c), the divergence in the NPV region is non-homogenous, which varies between 
positive ( div( ) 0u ) and negative ( div( ) 0u ).  The region of the positive divergence to the 
left of the center of the NPV shown in Fig. 8(c) indicates a localized region of upwelling.   
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Figures 8(b), 8(c) and 8(d) show maps of the temporally averaged relative vorticity, 
divergence and second invariant.  As shown in Fig. 8(b), the relative vorticity is generally 
positive, indicating cyclonic rotation, and its magnitude increases toward the NP.  There are 
near-circular band patterns with distinct fine vorticity patches in the NPV, which could be 
generated by shear instabilities.  Furthermore, Figure 8(d) indicates that regions with the 
positive second invariant are concentrated near the NP, highlighting strong rotational motion.   
From a perspective of image processing, as shown in Fig. 5, it is convenient to use a 
polar coordinate system  , r  in the orthographically projected image plane, where   is the 
polar angle, r  is the radial coordinate, and s  is the unit tangent vector along a circular arc.  
This polar coordinate represents the orthographically-projected version of the oblate spherical 
coordinate, where   is the longitude and r  is the distance between a point of the surface and 
Saturn’s rotational axis.  Accordingly, the velocity u  can be decomposed into the 
circumferential and radial components cu  and ru , where cu  is positive for counter-
clockwise flow and ru  is positive for radially outward flow.  Thus, cu  is the zonal velocity, 
and ru  is interpreted as the meridional velocity in the sign convention of geophysical fluid 
mechanics.  The dominant velocity component is cu  as shown in Fig. 7.  Using this notation, 
averaged profiles over a polar angle range  0,2   can be calculated.  Figure 9 shows the 
profiles of 
cu   (the zonal velocity) and ru   (the meridional velocity) as functions of the 
planetocentric latitude, where 

  denotes a averaged quantity in  0,2   along a circular 
arc with the unit vector s .  The profile of the zonal velocity cu   is consistent with that 
extracted by using the correlation image velocimetry (CIV) with interrogation windows of 
30 30 pixels (about km km60 60  in the physical space) for computation of cross-
correlation (Sayanagi et al. 2017).  The peak velocity of 150 m s-1 given by CIV is about 17% 
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slower than that calculated in the current work using the optical flow method.  Antunano et 
al. (2018) also used a CIV to report velocity profiles slightly slower than those found by 
Sayanagi et al. (2017) with interrogation windows of 80 80  pixels (about 466 km 466 km  
in the physical space).  The difference between Sayanagi et al. (2017) and Antunano et al. 
(2018) is consistent with the use of larger interrogation windows tending to underestimate the 
velocity magnitude.  The location of the peak zonal wind is at oc 88.95   latitude, which is 
consistent with the value given by Sayanagi et al. (2017) and Antuñano et al. (2018).  The 
variation bounds indicated in Fig. 9 mainly represent the temporal-spatial changes of the 
velocity structures in ensemble averaging and averaging over a polar angle range  0,2  .  
In addition, they include the uncertainties in the optical flow computation (see Table 1).   
Some vortex solutions of the Navier-Stokes equations are available for comparison with 
the NPV flow structure (e.g., Wu et al. 2006), to describe the structures of large-scale vortices 
in geophysical flows, as done previously by Wood and White (2011) and Greenleaf (2011).  
Here, a Burgers vortex is selected for comparison with the NPV’s measured velocity profile 
due to its structural simplicity, particularly in the inner region.  The circumferential 
(tangential) velocity of a Burgers vortex is given by   1 2 2c 0u r 1 exp r / r   , where r  is 
the radial coordinate and 0r  is a constant controlling the size of the vortex.  An intriguing 
question is whether the NPV can be approximately described as a Burgers vortex.  To 
compare the NPV with a Burgers vortex model, the zonal velocity 
cu   is normalized by 
 cmax u   and the radial coordinate r  is normalized by the radial distance at which 
 cmax u   is reached.  The normalized velocity profiles are collapsed into a single curve, as 
shown in Fig. 10.  The normalized zonal velocity profiles obtained by both the optical flow 
method and CIV compare well with the inner velocity distribution of a Burgers vortex model.  
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A Burgers vortex also has a radial velocity proportional to r  and an axial velocity 
proportional to the vertical coordinate z .  Although the average radial velocity, 
ru  , of the 
NPV is small overall, close inspection indicates that the value of 
ru   is positive in the 
region near the NP ( o oc [ 89.2 ,90 ]  ), which could be associated with outwardly-spiraling 
streamlines revealed in Fig. 7(b).  This problem will be further discussed later.   
Figure 11 shows the profiles of 

 ,  div

u  and Q

 as a function of the 
planetocentric latitude.  The profile of 

  in Fig. 11(a) confirms that the relative vorticity is 
positive and high near the NP, indicating cyclonic rotation.  Interestingly, the profile of 
 div

u  is relatively small and uniform across the latitude, as shown in Fig. 11(a).  The 
small region with low  div

u  implies that the local positive and negative components of 
the divergence tend to cancel out each other in averaging along longitude.  This observation 
will be confirmed by the probability density function (pdf) of the divergence in Section 3.3.  
Nevertheless, in the region near the NP, the averaged divergence has a positive value, 
indicating weak upwelling motion that corresponds to outwardly spiraling streamlines 
illustrated in Fig. 7(b).  The variation bounds in Fig. 11 mainly represent the temporal-spatial 
changes of the corresponding quantities, which also include contributions by the error in the 
optical flow computation.  See the error analysis in Section 2.2 for details.   
 
3.3. Statistics 
The averaged fields of the vorticity, divergence and second invariant in Fig. 8 exhibit 
some fine structures.  The quasi-random small-scale structures superposed on the well-
defined time-averaged NPV are evident particularly in instantaneous fields (see Figs. 17-19).  
The statistics of these quantities may provide useful insights into the structure of the NPV.  
To remove the random image noise and distill the flow structures, the velocity fields are 
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filtered using a Gaussian filter that smooths features smaller than 50 pixels, and then a sample 
body of data is reconstructed in the measurement domain of 1024 1024  pixels from the 13 
instantaneous fields.  The probability density functions (pdfs) of the vorticity, divergence and 
second invariant are computed based on sample bodies.   
Figure 12 shows the pdfs of the vorticity, divergence and second invariant in 
comparison with the Gaussian distribution with the same mean value and standard deviation.  
The mean value, standard deviation (std), skewness and kurtosis of the measured distributions 
are listed in Table 2.  As shown in Fig. 12(a), the pdf of the vorticity is non-Gaussian, which 
has the mean value of 4 13.2 10 s   and the std of 4 11.5 10 s  .  The pdf has a skewness of 
0.53 , and the longer tail on the positive side exhibits spatial intermittency of high vorticity 
structures.  The intermittent features are evidenced by highly localized spots in the 
instantaneous vorticity fields shown in Fig. 16.  Note that intermittency of high vorticity 
structures is an intrinsic property of turbulence (Frisch 1995).  The kurtosis (flatness) of the 
pdf is 3.2, which is close to that of a Gaussian distribution.   
As shown in Fig. 12(b), the pdf of the divergence is near-symmetrical since the 
skewness is 0.1 .  The mean value of 6 11.5 10 s   is much smaller than the std of 
5 15.8 10 s  .  The pdf of the divergence indicates that the structures with the positive and 
negative divergence (corresponding to upwelling and downwelling) have almost the same 
probability of occurrence.  The pdf of the divergence has a kurtosis of 3.7 , which is slightly 
peaked.  In Fig. 12(c), the pdf of the second invariant has a mean value of 8 11.6 10 s  , and 
a std of 
8 12.3 10 s  , which is moderately skewed towards the positive side with a skewness 
of 1.1 .  This means that the rotational motion in the NPV prevails over the shearing motion.  
The longer tail on the positive side indicates the spatial intermittency of strong rotational 
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motions, which is consistent with that of the vorticity.  The pdf of the second invariant with a 
kurtosis of 5.3  is much more peaked than a Gaussian distribution.  
 
Table 2. Statistical quantities on the pdf of the vorticity, divergence, and second invariant. 
 Vorticity (s-1) Divergence (s-1) Second Invariant (s-2) 
Mean value 3.2×10-4 1.5×10-6 1.6×10-8 
Standard deviation 1.1×10-4 5.8×10-5 2.3×10-8 
Skewness 0.53 -0.1 1.1 
Kurtosis 3.2 3.7 5.3 
 
3.4. Instantaneous fields 
The temporally-averaged wind field of the NPV has the highly concentrated positive 
vorticity and secondary invariant near the center and spatially varying divergence.  To further 
examine NPV's dynamics, the instantaneous flow fields are examined.  Figures 13, 14 and 15 
show the first three instantaneous fields of the velocity vectors, streamlines and velocity 
magnitude, respectively, which are extracted from the first four cloud images (see Fig. 1); the 
time intervals between the sequential image pairs are 21.9, 28.4, and 20.5 min, respectively.  
The overall patterns of these instantaneous fields are similar to the time-averaged flows 
shown in Fig. 8.   
Nevertheless, as shown in Figs. 16-18, clusters of distinct isolated small structures 
occur in the vorticity, divergence, and second invariant fields, particularly in the NPV's inner 
region (89.2oN-90oN).  The first question that arises in regards to these small structures is 
whether they are artifacts generated by the error associated with the image intensity gradient 
magnitude patterns (Liu and Shen 2008).  To examine this problem, the intensity gradient 
magnitudes are calculated for the mapped images, and the intensity gradient for the first 4 
maps, corresponding to those shown in Fig 1, are presented in Fig. 19.  If these patterns are 
similar to the structures in Figs. 16-18, the results extracted by using the optical flow method 
could be negatively impacted by a fixed-pattern error that is associated with a spatially 
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distribution of image intensity gradient magnitude (Liu and Shen 2008).  The correlation 
coefficients between the images in Fig. 19 and those in Figs. 16-18 are evaluated.  The 
correlation coefficient between the fixed-pattern error and the vorticity field is 0.025-0.063.  
The correlation coefficients for the divergence and second invariant fields are 0.113-0.209 
and 0.054-0.089, respectively.  The small correlation coefficients indicate that the small 
structures in Figs. 16-18 are not associated with the fixed-pattern error in the optical flow 
computation.   
Another question that arises is whether these isolated small structures are physically 
real.  To address this question, additional evidence is required.  First, the instantaneous 
divergence fields in Fig. 17 are examined, indicating that there are distinct positive 
divergence spots in the generally negative divergence region.  This result is consistent with 
the observation of large particle condensate cloud patterns by Baines et al. (2018) inferring 
the existence of convective upwelling.  Next, as discussed in Section 3.3, the distinct vortical 
structures with the positive vorticity and second invariant in Figs. 16 and 18 could be 
generated and intensified by local convective instability in regions with 0)(div u .   
The time-averaged positive divergence corresponds to the negative radial or meridional 
velocity (
ru  ) near the NP, which is manifested by outwardly spiraling streamlines and 
could be caused by upwelling associated with convective instability.  An intriguing question 
is how far this outwardly spiraling motion could extend.  It is noticed that the available data 
outside this circular region in some regions of the image could be used to infer the flow 
behavior in the outer ring of 
o o
c 85.6 88.95   .  Figure 20 shows the meridional velocity 
profile (
ru  ) averaged over  0,2   based on the first three instantaneous fields.  
Indeed, streamlines moderately spiral outward near the NP since ru   is positive in 
o o
c 89.27 90   , as shown in Fig. 21.  In contrast, streamlines spiral inwardly in the outer 
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ring since 
ru   is negative at 
o
c 89.27  .  The zero-crossing point is at 
o
c 89.27  , 
delineating a circle in which the outwardly-spiraling motion is limited.  Phenomenologically, 
this circle is considered as a stable limit cycle to which neighboring streamlines tend to 
converge (Hurewicz 2002).   
 
3.5. Discussion 
From a topological perspective, as shown in Fig. 14, the center of the NPV is 
considered as a cyclonic outwardly-spiraling node.  A question is whether this node is 
physically possible.  It is conjectured that this node is associated with upwelling driven by the 
vertical temperature gradient generated by a localized heat source underneath.  To elucidate 
the generation of this outwardly-spiraling node, a localized quasi-one-dimensional (quasi-1D) 
analysis is given here.  Note that this is not a quasi-geostrophic analysis.   
For simplicity of a quasi-1D fluid-mechanic analysis, it is natural to select the vertical 
coordinate z  pointing into a fluid layer below the cloud top at the NP, and denote w  as the 
corresponding vertical velocity. Although these notations are opposite to those in 
conventional meteorological analysis where z and w point upward, the relevant quantities 
w / z   and  div u  remain invariant.  In addition, the main result derived in this analysis, Eq. 
(10), remains formally valid even though the sign of the vorticity is defined differently.  As 
illustrated in Fig. 22, we consider a fluid element travelling vertically over a displacement 
z .  The fluid motion along the z-axis through the center is locally dominated by the 
buoyancy force.  The vertical momentum equation near a reference location 0z  of a 
differential material element with a vertical length z  can be approximately written as 
(McWilliams 2006)  
 2 0Dw / Dt N z z  , (6) 
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where   2 pN g / T T / z g / c     is the square of the buoyancy frequency ( N ).  This 
frequency depends on the vertical temperature gradient T / z  , the local temperature T, the 
gravity constant g, and the specific heat pc .  We can use a first-order Taylor-series 
approximation near a reference location 0z  for the vertical velocity gradient, i.e., 
   0w / z w / z w z w z / z         .  Since the vertical derivative of w  is  w / z div    u  
for an incompressible flow, the vertical velocity is approximately expressed as 
       0 0w z w z z w / z w z zdiv       u .  Here we call  div u  the sectional 
divergence since it is related to the two cloud-top velocity components.  Since the fixed 
vertical length z  can be moved into the operator D / Dt  in Eq. (6), a transport equation for the 
sectional divergence is given as  
   2D div / Dt Nu , (7) 
where 
2N  acts as a driving term to generate )(div u .   
When a fluid element moving vertically is followed upwards from an initial deeper 
position in a fluid layer to the cloud top, the material derivative of the fluid particle is 
replaced by the ordinary time derivative, i.e., dt/dDt/D  , and a formal solution of Eq. 
(7), in the Lagrangian framework, is  
   
t
2
0
div N z( t') dt' u , (8) 
where  z t  denotes the time-dependent vertical position of the moving fluid element.  
According to Eq. (8), the cloud-top divergence as a time integral of 2N  is positive, and it is 
enhanced due to a convection history as the fluid element travels from the inside of the layer 
to the cloud top.  The above analysis reveals a direct relationship between the source node at 
the NP and the convective instability.   
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In a quasi-1D approximation at the NP, the vorticity is  z0, 0,  and the rotational 
rate of the planet is  z0, 0, , where z  and z  are the components along the z -axis.  
Thus, for an incompressible flow, the vorticity equation is written as (Pedlosky 1979)  
 a,z a,z zD / Dt div S   u , (9) 
where a ,z z z2     is the z-component of the absolute vorticity and  
2
z z
S p /     
is the z-component of the baroclinic vector.  In the right-hand side (RHS) of Eq. (9), the first 
term represents the vortex stretching by the vertical velocity gradient w / z  , and the second 
term is the baroclinic vector as a source term.  In following a fluid element, a formal solution 
of Eq. (9) is  
 
 
 
t
a ,z
0a ,z0
t t'
z
0 0
exp div dt'
1 S exp div dt'' dt'



  
 
 
  
  

 
u
u
, (10) 
where a ,z0  is an initial value of a ,z  at a reference location 0z  at t = 0.  Eq. (10) gives a 
connection between the sectional divergence and the vorticity.  The first exponential factor 
represents the direct effect of the sectional divergence on the generation of the vorticity.  For 
0)(div u  in a source velocity field, this factor contributes a decay of the vorticity as a fluid 
element moves up.  The second factor represents the vorticity generation by interaction 
between the sectional divergence and baroclinic vector.  According to Eq. (8), for 0N 2s  , 
the sectional divergence is 0)(div u , which leads to a source node at the cloud top.  As a 
result, according to Eq. (10), positive vorticity is generated as a fluid particle moves up, 
which causes the cyclonic rotational motion.  This provides an explanation for the observed 
outwardly-spiraling cyclonic node at the NP.   
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Outside the outwardly-spiraling flow region ( oc 89.27  ), the meridional velocity 
could be positive towards the pole.  In the outer region where the convective instability is not 
considered, the flow is mainly driven by the pressure gradient and the Coriolis force, and in 
the geostrophic approximation the cloud-top velocity is given by   sp / f  u k , where 
k  is the unit vector normal to the surface and s  is the reference density in the absence of 
motion (Pedlosky 1979).  Therefore, streamlines in the outer region are near-circular, which 
is confirmed by the optical flow measurements.  In the cloud-top velocity field, the boundary 
between the outwardly-spiraling flow region and the outer region is considered as a stable 
limit cycle, which is defined as a closed loop to which neighboring streamlines converge 
(Hurewicz 2002).  Since the flow is 3D, as illustrated in Fig. 22, we conjecture that this limit 
cycle is an orthographical projection of a cylindrical shear layer on which the flow 
cyclonically spirals downward.  This shear layer is located at about 
o
c 89.27  , which 
corresponds to the zero-crossing point in Fig. 20.  Furthermore, we hypothesize that a vertical 
circulation flow is trapped in a cylindrical domain as illustrated in Fig. 22.  The Navier-
Stokes equations could permit a solution in convection-driven rotational flow that is similar 
to the Sullivan two-cell vortex (Sullivan 1959).  The conjectured flow also matches an 
experimentally modeled 3D vortex intensified by thermal convection (Makhmalbaf et al. 
2017).   
 
4. Conclusions 
The time-averaged velocity field shows a well-defined counter-clockwise (cyclonic) 
vortex at the NP.  The velocity variation in the measurement domain over the observation timespan 
is less than 10%.  The mean zonal (circumferential) velocity increases with the decreasing 
latitude or the increasing radial distance from the NP, and the location of the peak value is at 
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o
c 88.95  .  The extracted zonal velocity profile compares well to a Burgers vortex model 
for the inner core of the NPV.  The mean meridional velocity is overall small in magnitude, 
but it is negative in the region near the NP, which corresponds to observed outwardly 
spiraling streamlines.  The relative vorticity and second invariant are concentrated near the 
NP, indicating strong rotational motion of the fluid.  This spiraling source node at the NP 
could be generated by thermal convective instability according to a quasi-1D fluid-mechanic 
analysis.  In the instantaneous fields of the vorticity, divergence and second invariant, distinct 
isolated small structures are observed.  The instantaneous divergence fields exhibit local 
positive (upwelling) and negative (downwelling) patches manifesting as local 3D structures.  
In addition, the distinct vortical structures with the positive vorticity and second invariant are 
observed, which could be generated and intensified by local convective instability in regions 
with the positive divergence.   
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Figure 1. The first four cloud images of Saturn’s north pole (NP) region, where the time 
intervals between the sequential image pairs are 21.9, 28.4, and 20.5 min, respectively. 
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Figure 2. Cloud images of the NPV for simulations: (a) clean image, and (b) noisy image.   
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Figure 3. Velocity vectors: (a) true field, (b) extracted field from clean images, and extracted 
field from noisy images. 
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Figure 4. Streamlines: (a) true field, (b) extracted field from clean images, and (c) extracted 
field from noisy images. 
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Figure 5. The image coordinate system overlaid on the time-averaged NP cloud image.   
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(a) 
 
(b) 
 
Figure 6. The time-averaged flow fields of Saturn’s NPV before applying the rotational 
transformation for correction: (a) velocity vectors and (b) streamlines. 
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Figure 7. The time-averaged flow fields of Saturn’s NPV after applying the inverse rotational 
transformation for correction: (a) velocity vectors and (b) streamlines. 
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Figure 8. The time-averaged fields of the NPV: (a) the velocity magnitude, (b) the relative 
vorticity, (c) the divergence, and (d) the second invariant. 
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Figure 9. The mean profiles of the NPV: (a) the zonal (circumferential) velocity and (b) the 
meridional velocity. 
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Figure 10. The normalized zonal velocity profiles of the NPV in comparison with the Burgers 
vortex model. 
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Figure 11. The mean profiles of the NPV: (a) the vorticity and divergence, and (b) the second 
invariant. 
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Figure 12. The probability density functions (pdfs): (a) the vorticity, (b) divergence, and (c) 
the second invariant. 
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Figure 13. The velocity vectors in the first three instantaneous fields. 
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Figure 14. The streamlines in the first three instantaneous fields. 
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Figure 15. The first three instantaneous velocity magnitude fields. 
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Figure 16. The first three instantaneous vorticity fields. 
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Figure 17. The first three instantaneous divergence fields. 
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Figure 18. The first three instantaneous second invariant fields. 
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Figure 19. The first four intensity gradient magnitude fields of the cloud images of Saturn’s 
north pole (NP) region, where the time intervals between the sequential image pairs are 21.9, 
28.4, 20.5, and 28.0 min, respectively. 
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Figure 20. The profiles of the meridional velocity averaged from the first three instantaneous 
fields. 
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Figure 21. Zoomed-in instantaneous patterns of streamlines near the NP, (a) first 
instantaneous field, (b) second instantaneous field, and (c) third instantaneous field. 
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Figure 22. Conjectured flow structure ossssf the NPV. 
 
 
